Cosmography represents an important branch of cosmology which aims to describe the universe without the need of postulating a priori any particular cosmological model. All quantities of interest are expanded as a Taylor series around here and now, providing in principle, a way of directly matching with cosmological data. In this way, cosmography can be regarded a model-independent technique, able to fix cosmic bounds, although several issues limit its use in various model reconstructions. The main purpose of this review is to focus on the key features of cosmography, emphasising both the strategy for obtaining the observable cosmographic series and pointing out any drawbacks which might plague the standard cosmographic treatment. In doing so, we relate cosmography to the most relevant cosmological quantities and to several dark energy models. We also investigate whether cosmography is able to provide information about the form of the cosmological expansion history, discussing how to reproduce the dark fluid from the cosmographic sound speed. Following this, we discuss limits on cosmographic priors and focus on how to experimentally treat cosmographic expansions. Finally, we present some of the latest developments of the cosmographic method, reviewing the use of rational approximations, based on cosmographic Padé polynomials. Future prospects leading to more accurate cosmographic results, able to better reproduce the expansion history of the universe are also discussed in detail.
Introduction 3
The path to cosmography: basic requirements and strategies 4
Cosmography and observable quantities 7 Cosmography with the Hubble parameter and beyond 8 The cosmographic energy conditions 10 The cosmographic sound speed -A way to obtain a unified dark energy model 10 The effective thermodynamic approach in cosmography 12 From cosmography to the equation of state -What next ? 13
Cosmography and cosmological models 14 A generic cosmographic model 14 The ΛCDM model 16 The ωCDM model 17 The Chevallier-Polarski-Linder parametrization 17
The limits and principal drawbacks of cosmography 18 The degeneracy problem among cosmographic coefficients 18 The degeneracy with spatial curvature 19 Dependence on the cosmological priors and the problem of truncated series 20 Cosmography beyond general relativity 20
The convergence of cosmographic series: Auxiliary variables versus rational Padé 21
The observational aspect of cosmography 24 The most common data sets 25
Concluding remarks and perspectives 26
References 27
Appendix A: Cosmographic series of the principal cosmological models 29 The ΛCDM case 29 The ωCDM case 29 The CPL case 29
INTRODUCTION
Assuming that the geometry of the universe on large scales is well described by the Robertson-Walker (RW) metric, a wide number of robust observations have now placed restrictions on the cosmological dynamics, leading to the conclusion that the universe is inescapably speeding up [1, 2] . This phenomenon cannot be explained if the cosmic matter budget is made up only from contributions from baryonic and cold dark matter, since their contribution to the RHS of Einstein's equations lead to a decelerated expansion rate, rather than the observed acceleration [3] . From a theoretical point of view, a further component, different from standard matter, is thought to be responsible for present-time dynamics. Its contribution enters Einstein's equations and drives the cosmic evolution [4] . The nature of this additional component is is the subject of a significant number of investigations and induces a kind of weak inflation which persists at present time, accelerating the expansion rate of the universe today. Several explanations of this phenomena are possible and for a RW metric, two solutions to this problem have received extensive study. From the one side, the first class of models involves extensions of general relativity, via more complicated descriptions of the gravitational action [5] . From the other side, some type of exotic (perfect) fluid may represent a source for the above-quoted mysterious dark component. Any conceivable source able to accelerate the universe needs a negative equation of state, able to counterbalance the gravitational attraction 1 . In a homogeneous and isotropic universe the fluid responsible for the dynamics of the universe is dubbed dark energy and its evolution is the subject of much current research [7] .
The name dark relates to our inability to describe its nature, i.e., a measure of our ignorance in defining its fundamental physical properties. If the cosmic density driving the acceleration is assumed to be constant, one recovers the case of the cosmological constant Λ. Its physical interpretation is essentially related to the zero-point energy of quantum field theory. The corresponding description of the universe, known as the ΛCDM model, has reached the status of the concordance model. However, although suggestive and simple, it is severely plagued by a number of conceptual issues which have led to doubts that it is the definitive paradigm [8] . Another perspective, in analogy with the ΛCDM model, is to assume a constant pressure and an evolving dark energy density. This approach is highly adaptable to observations and shows the important property that dark energy and matter become emergent fluids [9] . The approach is sometimes referred to as the dark fluid and degenerates with the standard cosmological model by having a variable barotropic factor [10] . The two approaches are almost indistinguishable even at a fundamental level and only direct measurements of the equation of state would discriminate whether the ΛCDM model is favoured over extended gravity or a dark fluid. For these reasons, the need of model independent techniques is essential in order to describe the expansion of the universe, without postulating the dark term a priori. Alternatively speaking, combined model independent measures would break the degeneracy among cosmological coefficients. This strategy would indicate whether dark energy evolution took place in the past or whether the dark energy density corresponds to a pure vacuum energy cosmological constant [11] .
Among all reasonable approaches, the so-called cosmography of the universe has recently attracted a lot of attention [12, 13] . Here we review the principal aspects of cosmography and show how one applies cosmography to the problem of determining the correct dark energy evolution. To do so, we summarise the principal advantages and the main techniques of cosmographic reconstructions. We define the set of coefficients that determine the cosmographic series, and we relate cosmography to other cosmological observables. Furthermore, we describe several consequences of cosmography in the areas of thermodynamics and dark energy evolution respectively. We therefore show how the cosmographic series changes if the minimal cosmological model is modified and demonstrate how to obtain physical priors on the cosmographic coefficients. We also highlight several disadvantages of considering cosmography as a pure model-independent technique if some precise conditions do not hold. Thus, we give high consideration to the caveat of present-time data, which dampens the enthusiasm towards the use of cosmographic. Finally, we underline the modern use of refined approximations which can be performed in the context of cosmography by means of rational polynomial functions. We also demonstrate what one expect for future-cosmographic approachs, capable of framing the universe's expansion history through direct measurements of the cosmographic series beyond present limits.
The review is structured as follows: in the next section, we describe the connection between the FriedmannRobertson-Walker universe and the cosmographic coefficients. To do so, we show what the easiest way to handle the cosmographic expansion is and we demonstrate how to relate cosmological quantities to the cosmographic series. In Sec. III, we rewrite the Hubble rate, the pressure, the density and the luminosity distances in terms of cosmographic coefficients. To the best of our knowledge, we also propose a way to reproduce the most popular cosmological distances in terms of the cosmographic series. Furthermore, we review the dark fluid approach and the way to obtain it from cosmography, by considering a cosmographic sound speed. We also demonstrate how to define a cosmographic equation of state. In Sec. IV, we describe a scheme to get the cosmographic series for several cosmological models of particular interest, focusing on the ΛCDM and ωCDM models and on the Chevallier-Polarski-Linder parametrisation. We also propose how to treat the cosmographic coefficients for a generic model with an additive dark energy term. In Sec. V, we highlight the problems of cosmography, showing that present-data is not enough to guarantee precise cosmographic bounds and how more generally the cosmographic treatment can be misleading. We provide an explanation for these issues and we attempt to give some hints to alleviate these problems. In Sec. VI, we go beyond the standard cosmographic treatment and we emphasise the role played by rational approximations in the cosmographic regime. We describe the modern Padé approximation of cosmographic observables and we briefly describe the perspectives toward a high-redshift cosmography which goes beyond the standard recipe. Finally, in Sec. VII, we summarise the basic points of our review and we propose future developments and perspectives of the cosmographic approach.
THE PATH TO COSMOGRAPHY: BASIC REQUIREMENTS AND STRATEGIES
Cosmography represents a general strategy for dealing with the cosmological parameters in terms of the kinematics of the universe only. Thus, the cosmographic treatment has the nice property of being model-independent and therefore does not depend on any particular dark energy model. Consequently, the energy momentum tensor is not defined a priori, i.e., one does not need to postulate the equation of state to determine the dynamics of the universe [14] . If one is able to quantify the cosmographic constraints at higher redshifts and extend cosmography to the early universe, it would be possible to reconstruct the dark energy contribution, instead of postulating its form at the very beginning in Einstein's equations [15] . However, the present state of the art basically allows one to focus on the late stages of the universe's evolution. Typically, all Taylor expansions associated with cosmography lie in the observable domain z ≪ 1 and enable one to fix limits on the current universe. In what follows, we highlight the key aspects of late-time cosmography [16] . To do so, we discuss the basic requirements of cosmography and hence suggest ways of how one might go about formulating the theory of high redshift cosmography. So, in lieu of considering cosmography as a simple treatment to fix bounds on observable quantities, we present a self-consistent cosmographic method and discuss how to relate it to reconstructing dark energy models.
The first step is to define suitable cosmographic coefficients. In order to achieve this, we first assume that the energy budget of the universe is built up from a set of perfect fluids [17] . In a homogeneous and isotropic universe 2 , this leads to the Friedmann equations 3 :
which describe the expansion of the universe, once an equation of state P = P (ρ) is given. In particular, the first Friedmann equation tells us that all cosmological densities contained in ρ, are connected to H 2 . This property can be rephrased, by noticing that the first Friedmann equation represents a constraint, since it does not involve any time derivatives of H(t). In contrast, the second Friedmann equation contains the termḢ, which describes the sign of the acceleration of the universe and correspondingly its dynamics. Combining the above expressions, we infer the continuity equationρ + 3H(ρ + P ) = 0. This expression can be alternatively obtained from the twice contracted Bianchi Identities ∇ ν T µν = 0. Moreover, it provides the formal solution ρ(z) = C e z 0 1+ω(ξ) 1+ξ dξ , expressed in terms of the redshift z, where we have made use of the identity dz dt = −(1 + z)H(z), with C an integration constant. Thus, we have:
which represents an alternative and sometimes more practical form of the continuity equation as a function of the redshift z. In our picture, ρ(z) stands for the total density of a generic combination of perfect fluids. Due to the linearity of Eq. (2), this quantity can be split into a sum of fluid densities, representing the constituents of the whole energy momentum tensor, i.e., ρ = ∞ i=0 ρ i (z). The densities ρ i and ρ are defined once the corresponding equations of 2 Cosmography beyond this hypothesis is still object of debate. See for example [18] . 3 Hereafter in units 8πG = c = 1.
state ω i (z) and ω(z) for the fluid are known. In general, one assumes the Friedmann equations to hold throughout the entire evolution of the universe and so, in order to find out the dark energy contribution, it is necessary to determine the barotropic equation of state for the pressure. In other words, one needs the functional dependence of P on the density ρ or more practically as a function of the redshift z 4 . From this hypothesis, one is able to obtain the expansion of cosmological quantities of interest. In particular, by considering the total pressure, representing a source of the acceleration of the universe, one has:
where κ
is evaluated at z = 0 and is truncated 5 at n = 2.
From now on, we only employ barotropic fluids with Ω ≡ ρ ρc defined to be the (normalised) total density of the universe, setting the critical density ρ c ≡ 3H 2 0 in our units. Late time observations appear to constrain Ω ≃ 1. More stringent bounds may be also found at different stages of universe's evolution, i.e., |Ω − 1| < O(10 −16 ) during Nucleosynthesis or |Ω−1| < O(10 −64 ) in the Planck era [19] . Hence, the universe may be approximated by a vanishing spatial curvature and negligible contributions coming from neutrinos and radiation today. From now on we simplify our cosmographic treatment by characterising the matter content of the universe as a mixture of pressure-less matter (baryons and cold dark matter) and dark energy only, neglecting any additional contributions (neutrinos, spatial curvature and radiation). Later on, we consider the role of spatial curvature, dealing with its consequences on the cosmographic dark energy evolution. The ability to neglect all densities except matter and dark energy comes from the fact that we focus only on the late time universe. In such a picture, cosmography works well in the regime where H 0 a 0 /c ≫ 1, which represents the condition for obtaining an accelerated expansion today 6 , with a(t 0 ) = a 0 . In this picture, the expansion of the pressure in terms of ρ is a first example of a cosmographic series. However, it most likely represents a unsuitable way of proceeding, since it is generally difficult to compare the pressure directly with cosmic data. Moreover, it is not clear to expand the pressure, or in general other observable quantities, so the easiest choice is to obtain a Taylor expansion of the scale factor a(t) around our time, t = t 0 7 . Assuming the cosmic time t as suitable variable, the expansion of a(t) reads:
where
In particular, without applying the limit definition, one truncates at arbitrary orders, leading to approximations which hold up to N and plausibly remain relevant as long as the N + 1 term is less than N , normalised by (at least) a factor 10, having:t
The scale factor is essentially a non-observable quantity, as discussed above, however it provides a nice outcome, since the cosmographic series naturally arises once causality is guaranteed. In this scheme, a commonly used convention is encoding the expansion history directly through the measurable cosmographic coefficients. From the shape of the Hubble curve, it is possible to deduce the physics behind each coefficient. In particular, throughout the entire evolution of the universe, the sign of q indicates whether the dynamics is accelerated or decelerated. In other words, a positive acceleration parameter indicates that standard gravity predominates over the other species, whereas a negative sign provides a repulsive effect which overcomes the standard attraction due to gravity. All of this aside, the acceleration parameter alone does not account for the whole dynamics. To determine if it changes sign during its evolution, the sign of j is a key observable. For example, a positive jerk parameter would indicate that there exists a transition time when the universe modifies its expansion. Corresponding to this transition, the q modulus tends to zero and then changes its sign. The two terms, i.e., q and j fix the local dynamics, but are not enough to discriminate between a cosmological model that admits an evolving dark energy term or one with a pure cosmological constant [20] . In order to determine if there is any evolution of dark energy, the value of s is strictly necessary. Departures from the expected value of s, evaluated in the concordance model, affects the functional dependence of dark energy on the redshift z, indicating that it evolves as the universe expands. In particular, at higher redshifts, the terms s and l both influence higher orders of the Taylor expansion. From these considerations one can handle two cosmographic regimes: the lower one valid up to a redshift z ≤ 2 and the higher valid for z ≥ 2. For example, if z ≤ 1, one does not need the complete list of cosmographic coefficients in order to determine the shape of the Hubble curve. Indeed, to completely fix the cosmographic series, it is enough to put bounds on H, q, j, neglecting the other terms. This coarse-grained approach fails for z ≥ 1 up to z ≃ 2, where one even needs to fix s, l. Additional higher orders also require m. Hence, depending on the particular data sets involved in the statistical analysis, one can focus attention on the broadening of cosmographic coefficients. The variation of s, for example, is essentially due to the sign of the lerk parameter and indicates how the shape becomes smooth at redshifts z ≥ 1. Although a precise physical interpretation of such coefficients has been built up above, present data is not enough to guarantee overwhelming constraints on those terms [21] . High precision treatments are essentially limited by the particular set of data involved in the analysis. Typically, if one considers one single set of cosmic data, more often than not, one obtains systematics which do not allow one to put accurate limits on the cosmographic series. As it will be clarified later, a combined analyses is required to obtain a cosmographic series with lower systematic errors. For example, employing the union 2.1 compilation of presently available supernova measurements, confines data in the range z ≤ 1.414. So, with this data it appears pointless to constrain s, l, m or to expect to find accurate bounds on them, because their meaning would only be clearer at z ≥ 2. On the other hand, by invoking the differential age independent H measurements, one may argue that those coefficients are more significative, since z > 2 [22] . Thus, the choice of one data set over another becomes essential in order to obtain the correct cosmographic series at arbitrary order. In general, a viable recipe would be to combine cosmic data to get tighter bounds, which make use of low and high redshift regimes.
The last considerations even jeopardise the possibility of obtaining theoretical priors on the cosmographic series. In fact, to manifestly define the correct intervals for which the cosmographic coefficients span, a significative advantage would consist of intertwining among them all the coefficients. To this end, we have:
These expressions allow one to fix the corresponding limits over the N -coefficient, while the N − 1 terms are known. Moreover, coming back to the case of the total pressure, we get
and using the Friedmann equations, we have:
The corresponding transition redshift z tr represents the redshift which corresponds to the transition between a matter dominated to a dark energy dominated universe. Summing up, in the redshift domain z ≤ 1, j 0 shows a change of slope of the whole dynamics of the universe.
COSMOGRAPHY AND OBSERVABLE QUANTITIES
In the previous section, we noticed that cosmography is easily obtained by means of a Taylor expansion of the scale factor. We also discussed that such an expansion is not the only possibility, but practically it is the most viable one to define the cosmographic series. More generally, cosmography may even be adapted to any Taylor expansions related to cosmological quantities, by employing the scale factor expansion. This property turns out to give expanded quantities which can be directly matched with observations. As an immediate example, we can consider the pressure and density expansions around z = 0. Generally speaking, the benefits of doing this depends on how much the observable quantity, expanded in terms of the cosmographic series, can be matched with data. In other words, although we may be able to get a Taylor series of any quantity in cosmology, the focus should be on those which can be compared directly with data. Hence, the first non-trivial example of cosmographic observable expansion is found by expanding the Hubble rate today [23, 24] . One can then go further by obtaining the cosmological distances in terms of the cosmographic series [25] . Furthermore, cosmography may even enter the energy conditions to produce priors over the violations of such relations as experimentally observed. This matching is an initial point toward a proper cosmographic sound speed definition [9] . From this consideration, one reproduces the sound speed having a new observable fixed by late-time data. In such a picture, one infers a unified dark energy model derived from cosmography, which may correspond to the dark fluid with gaseous contribution [26] . Finally, a further observable is offered by the equation of state and by its connection to the cosmographic series [27] . Below, we highlight all those aspects and focus on the role played by the principal distances and their relation with the cosmographic parameters.
Cosmography with the Hubble parameter and beyond
The cosmographic series corresponds to the evaluation of scale factor derivatives at arbitrary orders. An important property appears by rescaling all coefficients in terms of one of them, i.e., the Hubble rate. In fact, by choosing to expand H to order n, in terms of the cosmographic series one finds that only n − 1 cosmographic coefficients are effectively independent. To see this more clearly, we give below the connection between the cosmographic series and the Hubble rate:Ḣ
Physically, this choice corresponds to relating the cosmographic coefficients to the Hubble rate, which describes the dynamics of the universe at the present time. More practically, the above formulae points out that the knowledge of H on different scales allows one to reproduce limits on the cosmographic series, giving the corresponding intervals over which all coefficients span. For these reasons, the Hubble rate is sometimes not considered a genuine cosmographic parameter, but is rather a cosmological quantity which can be related to the series itself. Furthermore, by using the definition:
where d L is the luminosity distance, defined by
, one obtains:
where:
This expression for d L is general and applies to any cosmological model. Hence, by directly fitting Eq. (13) using cosmic data, one gets physical limits on q 0 , j 0 , s 0 and l 0 for any cosmological model. Analogously, it would be interesting to expand commonly used notions of cosmological distances. Following the prescriptions given in [28] , we consider four alternative distances, namely the photon flux distance d F , the photon count distance d P , the deceleration distance d Q and the angular diameter distance d A . To define those distances in a self-consistent way, we construct the following relations:
These measures of distances are less commonly used in cosmology. Apart from the luminosity distance d L , we give here the photon flux distance, d F . This is usually not evaluated from the detector energy flux but from the photon flux and consequently turns out to be experimentally much easier to determine. The photon count distance, d P , is essentially built up by the total number of photons which are detected as opposed to the photon rate. The deceleration distance, d Q , was first introduced by [29] , since it has a useful dependence on the acceleration parameter q 0 . This is relevant, since q 0 is the best-constrained cosmographic parameter, together with H 0 . It therefore follows that this distance may reveal hints on what priors to use for H 0 and q 0 . The last distance, i.e., the angular diameter distance, d A , was proposed in [30] , as the ratio between the physical size of the object at the time of light emission and its angular diameter observed today.
All those quantities depend on the physical distance, i.e., the distance traveled by a photon that is emitted at time t 1 and absorbed at our epoch t 0 , with t 0 > t 1 :
Under this hypothesis, one might expect D to be useful in observational cosmology to obtain cosmographic constraints. The same hypothesis holds for the other distance definitions, which can be thought as standard cosmographic indicators, as also proposed in [31] . In such an approach, one argues the need of using all the distances for a complete cosmographic test, since all the various cosmological distances assume the total photon number is conserved on all cosmic scales. The basic idea is to assume that we are able to obtain constraints from all distances measures and to overlap the obtained bounds in order to reduce the net priors on the cosmographic parameters. In principle, there should be no reason to discard one distance measure in favour of another one, however recently a duality problem was found for such distances [32] , suggesting that a better understanding of their applicability is required before they can be reliably used in observational cosmology [33] . Due to this fact, it has been suggested that d L works better than all other approaches, especially when dealing with supernova data [34, 35] .
The cosmographic energy conditions
In general relativity, the relations related to the energy conditions are not a priori known. In cosmology, considering the Friedmann-Robertson-Walker metric, it is possible to guarantee stability and causality invoking the following relations [36] :
where k µ and k ν are null vectors, φ µ and φ ν null time-like vectors whereas ϕ µ and η ν two co-oriented time-like vectors. In the homogeneous and isotropic universe, they read:
which are usually referred to as cosmological energy conditions. In the cosmographic case, they can be rewritten as follows:
The quite surprising outcome is that only the weak energy condition trivially holds if H is real, while all the others are strongly violated, in order for the universe to have an accelerated expansion. Combining theoretical expectations with the energy conditions suggests instead:
The energy conditions therefore lead to cosmographic limits on the Ricci scalar. This may be viewed as a first approach to constrain the Ricci scalar itself, which in the Friedmann-Robertson-Walker metric is given by
In this way, we can obtain bounds on R at the present time, i.e., R 0 , and we can give limits on its variation in time.
For example, the first two terms are:
The cosmographic sound speed -A way to obtain a unified dark energy model
Under the assumption of a of perfect fluid, the adiabatic sound speed c s becomes a free parameter, sometimes considered as an additional observable, since it can be used in both late and early-time cosmology. In particular, the clustering of dark energy is more efficient when over-densities are not balanced by local pressure perturbations 11 . Following the standard definition [37] , we get:
taking the entropy S to be constant. The sound speed enters the Jeans length λ J and so depending on its sign, one obtains limits on structure formation on different scales. A vanishing sound speed corresponds to perturbations growing on all scales. The cosmographic sound speed can be easily determined:
which simultaneously implies j ≥ 1 and q > −1 or j < 1 and q < −1 in order to guarantee that c s > 0. These limits satisfy Eq. (26) only for the case: j ≥ 1 and q > −1. As the sound speed vanishes 12 , which corresponds to having fluid perturbations growing on all scales 13 , it is also possible to get different manifestations of the same fluid. The corresponding paradigm has been preliminary investigated in [9, 26, 40] and represents a unified dark energy model, usually named dark fluid [41] . The model assumes that the pressure is constant with an evolving barotropic factor, differently from ΛCDM in which the density, pressure and the barotropic factor are constant. In this case, assuming the pressure to be constant, it is possible to demonstrate that the barotropic factor and density are functions of the redshift 14 , since ω ∼ ρ −1 . The first and probably easiest physical application of such an approach deals with assuming a dark energy in the form of ideal gas with zero sound speed at all scales as firstly noticed in [9] . Integrating the density, one gets:
with the constant K = −(ρ d0 +P 0 )/P 0 , where ρ d0 is the dark fluid energy density at a(t 0 ) ≡ a 0 = 1. The corresponding model unifies both dark energy and matter under a single framework. In other words, in order to build the cosmological model, we need to consider only baryons and dark energy contributions, with dark matter arising as a consequence of the model itself. Other kinds of unified dark energy model generally do not provide a vanishing sound speed [43, 44] and so, since the ΛCDM model has a vanishing sound speed, it is evident that the dark fluid picture degenerates with the minimal model. This degeneration is not removed at a fundamental level since, from comparisons with the observed large scale matter power spectrum, the model is effectively indistinguishable from ΛCDM [45] . From Eq. (31), one notices a component that decays ∝ a 3 plus a component that remains constant at different stages of the universe's evolution. The constant K is assumed positive to enable acceleration today, showing a corresponding pressure in the interval −ρ d0 ≤ P 0 ≤ 0, with a barotropic equation of state given by:
In comparison with the ΛCDM model, one gets
which when compared gives:
11 The case of canonically kinetic scalar field is quite different. Even if it fluctuates, the sound speed is cs = 1, but the local pressure prevents the density contrast from growing significantly. 12 If one considers a particular case in which a polynomial scale factor reproduces the sound speed in the observable regime, then one notices that only the case n ≥ predicts a physical sound speed, which vanishes exactly when n = . In such a picture, it is possible to exclude n < 0 which corresponds to singular scale factor. Finally, at n = 0 and n = 1 2 the sound speed provides a divergence [38] . 13 As cold dark matter appears to do, in agreement with observations [39] . 14 The debate on the ability to distinguish ΛCDM from a dark fluid is still open [42] .
It is easy to show that the suggestive form P 0 = −ρ c Ω Λ , which is what one expects even in the ΛCDM case. Although no significant differences arise between the two models 15 , we note an remarkable physical difference: when one employs Eq. (33) it is strictly necessary to add the cosmological constant into Einstein's energy momentum tensor. On the contrary, in Eq. (32) the cosmological constant is not strictly necessary. Even though the model may be determined by fixing the cosmographic coefficients, in particular, for q and j, the cosmographic approach by itself is unable to remove the degeneracy. This is due to the fact that the cosmographic series, or alternatively speaking the equation of state, are quantities which account for the total energy density and pressure. If one could somehow fix limits on the dark energy cosmographic coefficients only, it would be possible to distinguish the two approaches and to remove the degeneracy.
The effective thermodynamic approach in cosmography
Throughout the text we have assumed that the gravitational source is modelled by perfect fluids. Consequently, in the arena of cosmography, one can describe the universe as a thermodynamic system in which all thermodynamic quantities are related to the cosmographic series [46] . This is supported by the fact that the laws of thermodynamics are mathematically consistent with the Friedmann-Robertson-Walker metric [47] and consequently the first law of thermodynamics leads to a given expression for the temperature of the universe. Analogously, following standard definitions, one can determine the thermodynamic quantities in the context of a homogeneous and isotropic universe, where
and
are the specific heat and entropy respectively. Assuming that the functionÛ is the internal energy U and the enthalpy h, we obtain
which gives the specific heat at constant pressure and volume respectively. Moreover, since
The specific heats behave differently depending on the choice of the underlying cosmological model. In the simplest case of a gaseous dark energy contribution, in terms of the cosmographic series, one obtains
15 Heuristic arguments point out that degeneracy is not removed at all orders in perturbation theory.
where we made use of U = V 0 ρa 3 and h = V 0 (ρ + P ) a 3 . It follows that U and h are positive quantities, whereas the sign of C P 0 is a function of j 0 − 1, giving j 0 > 0, C P > 0, and C V < 0, since q 0 < 0 16 . The entropy in terms of the cosmographic series reads
In the same way, one gets the enthalpy as:
These quantities are examples of measurable thermodynamic quantities in terms of the cosmographic series. In fact, in our picture, since H 2 and T are positive definite, we demonstrate that both S and h should be negative. This hypothesis underlines the fact that dark energy is supposed to evolve as a gas. In cases where this is not true, the Mayer relation does not necessarily have to hold and the specific heats become more complicated. Consequently the thermodynamic quantities are not forced to be negative 17 .
From cosmography to the equation of state -What next?
We discussed in Sec. II that the equation of state of the universe can be defined as the ratio between the total pressure and the total density constituting the whole energy budget, i.e., ω ≡ i Pi i ρi . A formal difference is present if one considers the equation of state of a single component; in this case we have: ω i ≡ Pi ρi , with a specified index i, corresponding to e.g., matter, curvature, radiation, neutrinos, and so forth. The two expressions differ from each other significantly. In general, it is hard to disentangle ω i and ω, measuring simultaneously both these terms. The problem is present both in the background and in perturbation theory. As we stressed above, cosmography only provides constraints from the second Friedmann equation giving: ω = P ρ = 2q−1 3 , and so:
For single species, we can compute the cosmographic series by hand. For example, knowing that ω m = 0 , ω k = − 2 3 , ω r = 1 3 respectively for standard pressureless matter (baryons and dark matter), spatial curvature and radiation, we have ω DE = PDE ρ−ρm , where we have neglected radiation and spatial curvature and clearly ω DE = ω. Hence, the corresponding cosmographic series takes different set of values depending on whether the universe is built up by from one, two or more fluids, having ρ > ρ DE . This degeneracy jeopardises the standard approach and can be recast as [49] :
For barotropic fluids, the cosmological model is determined once P (ρ) is known. Alternatively, one needs the corresponding equation of state for a particular species, i.e., ω i , to obtain the corresponding evolution in terms of the redshift. We can easily obtain different outcomes coming from postulating the equation of state for single species. For example, q 0 = 0 in the case of matter, radiation, spatial curvature equations of state only, whereas q 0 = −1 for the cosmological constant equation of state. Analogously, j 0 = 1 for all those cases respectively, while s 0 = 2, except for the case of the cosmological constant in which s 0 = 1.
COSMOGRAPHY AND COSMOLOGICAL MODELS
One of the most important advantages of cosmography is that it may be used to determine constraints on cosmological models in two distinct ways, i.e., the direct and inverse methods. The first strategy consists of relating the free parameters of a given model to the cosmographic series. In this way, fixing limits on the cosmographic series corresponds to setting the intervals over which the free parameters span 18 . In particular, assuming that a given model depends on a vector of free parameters of the form: ξ i with i = 1, . . . , N , we can formally write:
Hence, since the luminosity curves are one-to-one invertible, one obtains:
In other words, once the cosmographic series is measured, the vector ξ i is uniquely determined. However, the disadvantage of the direct method is the fact that the corresponding errors on ξ i are typically large, since they propagate through the logarithmic rule. In fact, discarding systematics and assuming Ψ ∈ ξ i to be a generic parameter of a certain model, we get Ψ = Ψ(α 1 , . . . , α N ), with α i , ∀i ∈ [1, . . . , N ]. Thus, we obtain:
giving errors associated to the i-th variable: δα i and so Ψ ± δΨ. For the sake of clearness, Eq. (45) represents a lower limit on error estimates, since a complete description of total errors on Ψ depends also on systematics σ s . A way of including systematics could be achieved by assuming [50] δΨ tot = (δψ) 2 + σ 2 s .
Over-optimistic estimates of systematic uncertainties does not modify the cosmographic analyses, but instead reduces the significance on the constraints on Ψ. The inverse procedure significantly improves the above results. Assuming, in fact, the validity of Eq. (44), one can imagine replacing the cosmographic coefficients in terms of ξ i . In this way, the observable quantities adopted for the cosmographic fits are directly measured by means of a new sets of "cosmographic coefficients". To understand this, imagine using d L to make a cosmographic measurement. We find that there exists a direct correspondence
. .) and so the set H 0 , q 0 , j 0 , s 0 , . . . is uniquely determined. Now, if we consider instead the set
, the luminosity distance depends upon Ψ j ∈ ξ i , ∀j, ∀i. In this way, one does not have to statistically propagate the errors, which are simply the ones obtained from the analyses itself. The corresponding errors are assumed to be smaller than the ones obtained in the direct procedure.
A generic cosmographic model
The requirement for building up a cosmological model which is able to fit the cosmographic prescription at small redshift is an object of debate. The problem is most likely due to the degeneracy which jeopardises the cosmographic approach at late-times [51] .
However, every evolving dark energy paradigm should satisfy some cosmographic recipes, which may impose stringent limitations on the dark energy expansion history. To better understand this fact, let us consider a generic Hubble rate in which the evolution of dark energy is thought to be given by the form of a unknown function G(z). Hence, we simply have:
Simple calculations give us 19 :
By inverting, we get
The expressions of G ′ (0), G ′′ (0) are evaluated once the cosmographic series is known from numerical fits, using the assumption that G(0) = 1 − Ω m . The opposite view consists of reproducing viable priors on the cosmographic series by investigating the phase space of G ′ (0), G ′′ (0). From that space one may obtain allowed regions in which the cosmographic coefficients span 20 . In (49) [19, 52] are:
There exist several ways to reconstruct the dark energy equation of state [53, 54] . Every method, however, suffers from theoretical issues and so the need of having a hint of how dark energy evolves is essential in order to determine possible departures from the Concordance model. One possible assumption is that the effects of ΛCDM are a limiting case of cosmology at the present time. In addition, one can demand that:
• the dark energy evolution is slightly variable with respect to the redshift z, i.e., it has to weakly increase for increasing redshift;
• the dark energy model must not admit divergences either at high redshift or at future times, in order to be compatible with observations of the matter power spectrum;
• the model should be predictive concerning the values of the pressure and density today and in intermediate phases of the universe's evolution. It must also be compatible with observations of the transition redshift, at which dark energy becomes dominant over matter.
To guarantee that these conditions hold, a simple possibility is to assume a dark energy term Ω X of the following form:
where α is not a cosmographic parameter since
A quantitative analysis is presented in the figure below, Fig. 1 19 In principle, it would be possible to use all the cosmographic parameters, however, here we report on only two of them: q 0 , j 0 . We made this choice because of the large expressions obtained when going to higher order in the cosmographic expansions and because one does not need further orders in order to recover the dark energy behavior at small redshifts. 20 The first approach is essentially due to the direct procedure whereas the second treatment is based on the inverse procedure. 
The ΛCDM model
The modern minimalist model which is now considered as the Concordance paradigm describes the expansion history of the universe by using a constant dark energy term 21 . The corresponding paradigm, named the ΛCDM model, consists of a cosmological constant Λ and pressure-less matter, with vanishing spatial curvature. In particular, the matter contribution is assumed to be composed of dark matter and baryons 22 . The original origin of Λ arose from the philosophical hypothesis that the universe is static 23 . Hence, the original meaning of this term was very different from the present one. Notwithstanding, its re-introduction is able to explain the acceleration of the universe, by simply making the shift:
which leaves unaltered the Friedmann equations. The advantage of the concordance model lies in its simplicity 24 and on its ability to describe the universe's expansion history. Furthermore, it seems to be able to reproduce both the late and early-phases of the evolution of the universe. Despite these successes, the model is plagued by two major issues 25 . Theoretically, it seems difficult to explain why we live in a precise epoch, in which the cosmological constant density is of the same order of magnitude as the matter density 26 . This is known as the coincidence problem. On the other side, there exists also a huge fine-tuning problem between the measured and predicted values of the energy density of Λ, which is of the order of 10 120 orders of magnitude larger than the observational value [8] .
These two theoretical "catastrophes" may suggest that beyond the current concordance model, an evolving dark energy reduced to a cosmological constant at small redshifts. The ΛCDM Hubble rate is given by
21 For the sake of clearness, it is slightly misleading to refer to a constant dark energy term. In fact, the dark energy contribution has a physical interpretation which is completely different from the one connected to the cosmological constant. The cosmological constant, in fact, is related to pure vacuum energy, while dark energy is supposed to evolve during the entire expansion history of the universe in a different manner. However, we believe that naively one can refer to the cosmological constant as a sort of constant dark energy term. 22 An important fact is that this model and even a wide number of other paradigms absorb dark matter into the total matter density. In other words, the mass density includes both dark matter and baryons in agreement with observations. In unified dark energy models, however, the cold dark matter contribution comes from dark energy through an emergent mechanism, without assuming it a priori to be included in the energy momentum tensor. 23 This hypothesis was proposed by Einstein himself and after the discovery of cosmic expansion was ruled out. 24 The model depends on one parameter only, i.e., Ωm, if H 0 is fixed or marginalised. 25 It is not clear whether the model is plagued by only two (theoretical) drawbacks or whether there is something beyond. There is a consensus around the belief that the model should be the definitive one, but also a criticism around the introduction of Λ itself, which comes from other physical issues which appear to plague the model [56] . 26 The ratio between the two quantities is ∼ 3 in favour of the cosmological constant.
with Ω Λ = 1 − Ω m − Ω k . The cosmographic series is given in the Appendix.
The ωCDM model
The simplest model which extends the ΛCDM paradigm is the ωCDM approach. This paradigm assumes a constant barotropic factor, hereafter ω, which departures from the ΛCDM model, since it does not provide exactly ω = −1. In analogy to the concordance model, in order to guarantee that the universe accelerates, one needs a negative ω, with the condition 27 ω > −1. To physically motivate this model, one can consider a quintessence fluid described by means of a slowly-rolling dynamical scalar field, with a non-canonical kinetic term in the Lagrangian.
Hence, the Hubble parameter, having fixed H 0 , is dependent on two parameters and it becomes slightly more complicated than the standard Concordance paradigm, since dark energy evolves in time. We therefore have:
The free parameters are Ω m and ω. The corresponding cosmographic series is given in the Appendix.
The Chevallier-Polarski-Linder parametrization
There exists a wide consensus that it is advantageous to express the barotropic factor in terms of the cosmic time or more properly in function of either the scale factor or the redshift z. This property is physically motivated by the fact that in principle dark energy may evolve throughout the history of the universe via some generic (still to be determined) function. The simplest hypothesis that one could imagine is to expand ω as a Taylor series in the redshift z:
However, proceeding with Eq. (56) may give misleading results since, at arbitrary order n, the case z → ∞ leads to a divergence in the equation of state 28 . A reasonable approach, first proposed by Chevallier-Polarski [57] and immediately afterwards by Linder [58] , with two other independent researchers, pointed out that a direct generalisation of Eq. (56) may be
with a = 1 1+z . The choice of ∝ 1 − a instead of ∝ z becomes effectively more physical since at the small perturbation regime, no divergences occur. The basic requirement of the CPL parametrisation is to truncate Eq. (56) at first order in a(t). So that, one has ω = ω 0 + ω 1 (1 − a) . Here, the Hubble rate is given by:
The disadvantage is that, once H 0 is fixed, the model depends on three parameters: Ω m , ω 0 , ω 1 , that are not known a priori. This complication introduces a further parameter, ω 1 , which is weakly constrained by observations. The cosmographic series for this case is given in the Appendix.
THE LIMITS AND PRINCIPAL DRAWBACKS OF COSMOGRAPHY
In the previous sections, we learned that cosmography represents an extremely accurate technique for investigating the universe's expansion history in terms of model-independent quantities. Furthermore, we demonstrated that in principle cosmography is also able to directly find bounds on the Taylor derivatives using cosmological data, since all cosmographic derivatives are connected to each other. As a consequence, cosmography does not need to impose a priori any cosmological model. However, the cosmographic approach, while powerful and straightforward to implement, is plagued by several shortcomings which either limit its use or forces cosmography to be non-predictive in several cases. The problem is essentially due to the fact that cosmological data, used to fix the cosmographic constraints, are not enough to correctly guarantee that cosmography works well at earlier stages of universe's evolution. In principle, the knowledge of either an infinite number of combined data sets or mock data, with a large amount of points would better fix the cosmographic parameters, with lower errors. To the best of our knowledge, cosmography might also fail to be predictive due to the fact that it is based on expanded Taylor series, at arbitrary truncated orders. In what follows, we present a list of the most important limits of cosmography, proposing for each of them possible solutions or alternative methods for obtaining (future) more viable cosmographic outcomes.
The degeneracy problem among cosmographic coefficients
The degeneracy problem is a serious drawback which plagues cosmology in general. It is due to the fact that several classes of cosmological models are compatible with cosmological data at small redshift. It follows that the reconstruction of the expansion history of the universe may be obtained by completely different cosmological models, without being able to distinguish between them. This reflects the fact that every paradigm, in turn, is able to describe observations with almost the same statistical precision. Even though coarse-grained methods to statistically discriminate between various models exist, none of them are able to predict which dark energy fluid is favoured and whether the concordance model is the best paradigm or not. Usually, the total errors on measurements are adjusted in a way which assumes that the paradigm under investigation is the favoured one to fit the data. From this assumption, it follows that parameter inference and error bars obtained by taking into account present data with our statistical analyses are effectively unable to investigate problems of pure model selection. The situation in cosmography is affected by by analogous problems. However, at a first glance one can think that cosmography is able to get around such caveats by fixing numerical bounds on the cosmographic series itself 30 . It is expected that robust evidence leading to the understanding of the evolution of dark energy may be obtained by investigating j and s. Putting bounds on these terms would enable one to understand at which time the acceleration took place and how dark energy evolves. The degeneracy problem in cosmology would be therefore alleviated if the cosmographic coefficients are better constrained through observations. Unfortunately, when one assumes a particular cosmological distance, there is a degeneracy between all of the cosmographic coefficients, since one cannot measure each of them separately but only the sum. In other words, it is impossible to disentangle the cosmographic parameters and so, depending on the probability distribution associated with each coefficient, one would get different results. This issue leads to a degeneracy between cosmographic coefficients and as a consequence the degeneracy between cosmological models remains (since cosmography is unable to remove it with current data sets). Furthermore, the Hubble rate today exhibits a further degeneracy with all the other coefficients, since at first order in the Taylor expansion, every distance measure reduces to d i ∼ 1 H0 z. This leads to a multiplicative degeneracy among H 0 and all the other terms. A naive way to remove such a degeneration is to marginalise over H 0 during a statistical analysis. In such a picture, one is forced to assume multivariate distributions, with probability distribution given for example by: P (x, y). Hence, by splitting the cosmographic series as ϑ = H 0 , X , where x ≡ X is the set of all the cosmographic coefficients, 30 Basically, two separate situations may occur: 1) the universe is built up in terms of a single fluid, namely the dark fluid. We showed that here dark matter is unified to dark energy since it emerges as a consequence of assuming one fluid only; 2) the universe's energy momentum tensor is decomposed into (at least) dark energy and dark matter. These two distinct fluids do not interact with each other and evolve differently. If one somehow gets well-constrained cosmographic coefficients at arbitrary redshift regimes, it would be possible to understand whether the universe behaves as a single fluid or by means of a sum of differently evolving constituents. As quoted, however, current data are not enough to focus on the differences between the two approaches.
except y ≡ H 0 , we can infer the probability distribution of X regardless of the values of H 0 by:
Alternatively, two further techniques are allowed. The first consists of fitting H 0 alone, truncating the Taylor expansion at the lowest order possible. For example, assuming the lowest order of
, it is possible to get bounds with cosmic data within shorter redshift intervals 31 , in which one can recover an acceptable value for H 0 to use in any cosmographic analyses, performed at arbitrary expansion order 32 . The second possibility is to fix H 0 by means of other types of measurements, either through a χ square analysis or by fixing it. In all cases, the only possibility of improving the quality of H 0 measurements, simultaneously with all the other cosmographic coefficients seems to be to combine different data sets. This provides a way of restricting the parameter space, thus getting more stringent cosmographic results. Summarising, all those considerations suggest that we cannot consider H 0 as a pure cosmographic parameter, but more precisely as some sort of initial condition to calibrate the cosmic curves. Depending on its value, it could happen that the other terms are well or badly constrained. Thus, the need of such a calibration becomes essential for cosmography and should not be considered irrelevant in order to obtain constraints.
The degeneracy with spatial curvature
Another grave type of degeneracy is due to the spatial curvature. Its role, in the cosmographic constraints, is far from trivial, since Ω k = 0 induces a time variation for the dark energy equation of state [59] , consequently fixing the form of dark energy a priori 33 . Unfortunately, spatial curvature is intimately related to the luminosity distance, since the Friedmann-Robertson-Walker metric formally depends on its value, which is not known a priori without observations. In doing so, one is forced to fix Ω k to determine limits on cosmography, consequently getting a fixed-curvature cosmographic series. Moreover, the consequence of introducing Ω k is that photon geodesic motion changes and this causes a severe degeneration among the cosmographic coefficients and Ω k itself. For example, truncating at third order, j cannot be measured alone if Ω k is not fixed to a precise value. On the one hand, although precise measurements 34 suggest that Ω k ∼ 0, the assumption of Ω k = 0 imposes a flat prior which may influence the reconstructions of dark energy models. On the other hand, if one does not postulate the value of Ω k in the cosmographic series, it could happen that a bad convergence arises when constraining the cosmographic parameters. A major challenge, instead of fixing or imposing flat priors with different values of Ω k , is to get alternative forms of distance, which inform us of the shape of the cosmographic curve regardless of the spatial curvature Ω k .
It is easy to show that the physical distance D, introduced above, alleviates the problem, since it does not depend upon Ω k . In fact, we obtain 35 :
However, the problem of how to use D, instead of d L , still persists since we do not known if D is perfectly related to cosmic data. In other words, D is not the most suitable distance in which the Hubble law is observationally preserved. More recently, however, it was demonstrated that the use of alternative versions of the luminosity distance are predictive and useful to determine viable priors which may calibrate the luminosity distance itself. A possible 31 A viable interval would be z ≤ 0.5, in which the union 2.1 data are deeply concentrated. 32 In general, this procedure consists in fixing a coefficient, instead of marginalising over it. Generally speaking, this is not exactly the most practically way to circumscribe the problem, from a pure statistical point of view. However, no significative departures are actually expected once H 0 is known from this measurement and so it is possible to allow this technique inside cosmography. 33 Using cosmography to understand if the cosmological model provides an evolving dark energy term should be independent on assuming that the dark energy evolves with time. This fact should be a consequence of the cosmographic recipe, rather than a postulate, assuming Ω k = 0. 34 These measurements confirm that Ω k may be compatible with zero, but not necessarily perfectly vanishing. 35 For brevity, we here report only a fourth order Taylor expansion. Later on, in the appendix, we give the higher order terms.
strategy consists in taking D to limit q 0 , j 0 , s 0 , . . . by fitting it with cosmic data. Afterwards, using d L in which Ω k is not fixed as a priori, it would be possible to infer limits on Ω k itself, thereby fixing the cosmographic coefficients to the values determined through D. Another way out is to define it in terms of different observable quantities which can be separately measured. For example, this may be determined by the expression:
dz . In this way, the spatial curvature is fixed by other sets of measurements and can be inserted in d L , with the prescription that it does not vary significantly as the redshift increases in the small redshift regime.
Dependence on the cosmological priors and the problem of truncated series
Choosing the cosmological priors affects the numerical results of any cosmographic analysis, implying that the intervals of every cosmographic coefficient should be influenced correspondingly. The way to alleviate this issue may be naively imagined through enlarging the cosmological intervals over which one decides to span the cosmographic coefficients. However, a broadening of the systematics typically may occur, forcing one to employ hierarchical intervals in which different orders of cosmographic coefficients are investigated. To build up more stringent priors, one possibility is to calibrate the convergence ranges of each cosmographic parameter inside the ΛCDM Hubble sphere. If the coefficient ranges are outside the theoretical expectations, the corresponding prior would influence the analysis itself. In other words, if numerical outcomes provide good results with small errors, then one can suppose the priors are correctly defined. However, if this is not the case, then, depending on the error distribution, one can deduce two possibilities: 1) either that the ΛCDM model is not the correct late-time cosmological model 36 , 2) or the experimental analyses is unable to constrain the cosmographic terms 37 . Unfortunately, with current data the second case is the most likely one. To be more general, another assumption would be to take the ΛCDM model as a limiting case of a more general theory and so construct priors for H 0 , q 0 from the ΛCDM model only, and then enlarge the priors for the remaining coefficients. In any case, constructing the cosmological priors in this way may influence the statistics. This happens because those ΛCDM-priors are centered around the ΛCDM expectations. All the numerics would indicate it, rather than being fixed by it, otherwise no real departures from the ΛCDM model would be expected and the cosmographic approach fails to be predictive.
Typical intervals are:
In addition, evidence for slower convergence in the best fit algorithm leads to truncate series at a given order. Generally, enlarging the order corresponds to increasing systematics in the cosmographic measurements. However, lower orders badly influence the analysis because do not allow one to fix all the cosmographic coefficients. Again, in this case, one can adopt different orders of broadening samples, reducing the N -order parameter phase by fixing the N − 1 coefficients through previous fits. This will also induce a correspondence between the increasing of the N − 1 order coefficients with the N parameters.
Cosmography beyond general relativity
The standard cosmological model assumes that a dark energy fluid speeds up the universe today. However another possibility is that the acceleration is driven by some type of modification of general relativity. It turns out that the construction of the cosmographic series depends upon on the choice of the particular gravitational theory. Consequently any deviations from general relativity would need different cosmographic definitions and the corresponding cosmographic series should be adjusted accordingly. This problem affects the reconstruction of dark energy models in both general relativity and extended theories of gravity. There exist issues if the cosmographic approach is applied to theories with higher derivatives in either the gravitational or matter sectors. Some authors claim that this is due to the fact that expansions of such models, such as f (R), f (T ), Galileons, and so forth, lead to extra free parameters. Other authors assume a different perspective, by simply assuming that any cosmological model should be described by the ΛCDM model as the redshift approaches the present epoch. Let us consider two examples, concerning the class of scalar theories depending on a scalar field φ whose action reads:
with L m the matter Lagrangian, ω(φ) the renormalizing factor and V (φ) the potential, at z = 0, we have:
Without assuming that the universe today is modelled by Ω m ≈ 2/3(1 + q 0 ), which represents a Λ prior on the matter, the potential derivatives depend upon the mass and generally can degenerate with it. A more complicated example is offered by assuming the f (R) case, with action S = d
, and at z = 0:
Here, the need of
limits the analysis. A possible treatment is to assume the values of α = 1 and β = 0 as a priori. This turns out to give pure general relativity at z → 0. If α and β are taken free to vary, it is not reasonable to expect a one-to-one correspondence between the f (R)-derivatives and the cosmographic series. In all cases, the propagation of errors are often large and this frequently leads to degenerated fits. The use of cosmography therefore, has severe limitations in the field of modified gravity [60] [61] [62] . However, this does not mean that a cosmographic approach cannot be considered, together with other methods, as a way of ruling out different kinds of extended theories of gravity. More precisely, a fiducial model slightly different from ΛCDM may be derived if assumptions on the extra terms come from first principles, with proven mathematical validity. Hence, one would expect in such situations possible clear deviations away from the ΛCDM case, i.e., (j 0 = 1). In other words, extra free parameters would not influence cosmography, as one fixes them from geometrical hypothesis or inside the theory itself and cosmography can be thought to hold also if the cosmographic series is not derived inside the modified theory itself.
THE CONVERGENCE OF COSMOGRAPHIC SERIES: AUXILIARY VARIABLES VERSUS RATIONAL PADÉ
Up to now we have described the main problems common to all cosmographic approaches. All these issues are intimately related to each other and are most probably due to the fact that cosmography is essentially based on Taylor expansions, which are by definition approximations. In this section we discuss the most common cosmographic drawback, which deals with the fact that all our expansions lie on intervals which are close to z ∼ 0. Unfortunately, much of the available data lies outside this limit. Hence, theoretically speaking, it is unrealistic to use cosmic data in such intervals without expecting a bad convergence of cosmographic series. That is why all cosmographic analyses are deeply influenced by Taylor approximations and the quality of cosmographic reconstruction is seriously limited.
Mathematically speaking, the Taylor expansions converge if z < 1, so that one would expect severe limitations on the convergence radii of any cosmographic analyses. One way to explore this issue is to assume auxiliary variables, hereafter Z new , which are constructed from functions of the redshift z, but provide higher convergence radii 38 . The mathematical structure of such variables, here conventionally named Z new , might be derived from re-parameterising the redshift z, within a sphere of radius Z new < 1 [63] . Any auxiliary variable restricts such an interval in a shorter ensemble, having that:
Furthermore, the construction of Z new would require that:
• it must be feasible to invert it, passing from the redshift z to it;
• it might be one to one invertible with the redshift z, in the phase-space domain;
• it should not diverge for any values of the redshift z (for example it does not have to diverge at future times);
• finally, any parametrisation needs to behave smoothly as the universe expands, without any critical points.
Ignoring one of the above conditions may lead to a misleading parametrisation which, although guaranteeing a redshift domain inside a larger convergence radius, does not lead to high-impact results. Furthermore, the choice of a new parametrisation becomes difficult to treat since it may be frequently plagued by biased estimators or by larger errors than using the standard z redshift. A well-consolidate case is the first prototype of Z new , named the y-redshift and defined as:
As one can see, it provides a divergence at z → −1 (future time), although it confines redshift data inside y ∈ [0, 1]. Hence, from a theoretical point of view, our recipe suggests that y is not the best choice in favour of Z new . Experiments seem to confirm this fact [25, 60] and suggest that alternative versions of the auxiliary variables should be used. Common ones are given by 39 :
, 0] and in which we used the definition of the scale factor, i.e., a ≡ (1 + z) −1 . Even though appealing, the method of employing auxiliary variables suffers from the disadvantage of being an artificial trick, which does not introduce a new physical variable, but only a simple way to circumnavigate the convergence problem at high redshift. The differences between z and auxiliary variables can be computed in various ways, not only through the basic demands that we invoked before. For example, focusing on y only and building up mock data sets calibrated by the ΛCDM model with vanishing spatial curvature, one finds the results in the table below. The table summarises the number 38 Auxiliary variables are also called alternative parameterisations. 39 Here, we consider the notation y 2 , y 3 and y 4 simply because we consider the y redshift as y = y 1 . of reasonable cosmographic results inside different confidence levels, by means of the union 2.1 data set, with a flat prior on magnitude errors of the form: σ µ = 0.15. From the above results, by using both the redshift definitions, one can evaluate the cosmographic series and the corresponding posterior probabilities for each parameter 40 . The broadening order of hierarchy is given by θ 1 = {H 0 , q 0 , j 0 , s 0 } and θ 2 = {H 0 , q 0 , j 0 , s 0 , l 0 }, whereas H 0 is assumed to be marginalised. The constraints, performed for example using a Monte Carlo approach, are derived from the Mock data sets. They are distributed to suggest how frequent the true values are inside the 1, 2, 3 − σ confidence levels. The redshift z provides well-behaved coverage results, contrary to y which manifests larger errors. This confirms the above theoretical description of auxiliary variables and puts severe limitations on their use.
A treatment, less artificial and motivated by the evident change of slope of magnitudes µ in the observable intervals of supernova data, is based on the concept of using rational approximations to describe the shape of universe's dynamics without considering truncated Taylor series in intervals exceeding the convergence radii. Among the various typologies of approximations [64] , an important role is played by the Padé polynomials, which are defined as functions depending upon two parameters, (n, m), given by the rational function [65] :
with degrees: n ≥ 0 (numerator) and m ≥ 0 (denominator). Assuming we wish to reconstruct the function f (z), its derivatives at z = 0 to the highest possible order should be built up by means of:
Padé polynomials, sometimes improperly referred to as Padé approximants, for given n and m are unique up to an overall multiplicative constant. Padé approximations handle the divergence at high redshifts of the Taylor polynomials; in fact, while data taken over z > 1 are quite unlikely to accurately fit Taylor series, the Padé approach, instead, works fairly well, exactly for that regime [52] . Supposing one knows the magnitude shape estimate in two limiting cases, i.e., very small and very large redshifts respectively, we formally have:
Thus, given a function that works as d 0 L as z ∼ 0, whereas d ∞ L as z ∼ ∞, in both limits it converges to a finite value. It follows that the most natural function able to fit our numerics in both the two limits should be a rational function of z. To this end, Padé approximations represent a viable alternative to standard cosmography. For example, to quantify a possible advantage offered by them, one may evaluate the convergence radius R for different Padé polynomials. For simplicity, assuming the case n = 1, m = 1, we have:
testifying that for q 0 > −1
In addition, a qualitative improvement of adopting Padé approximations is seen by working with the ΛCDM and ωCDM models. For example, in the concordance paradigm, computing several d L Taylor and Padé approximations for different orders provide the same results at small regimes. Moreover, it is useful to notice that third order Taylor polynomials are compared with (1, 1), (1, 2) and (2, 1) Padé approximations while fourth degree Taylor expansions with (1, 3), (3, 1) and (2, 2) Padé polynomials. Analogously for fifth order Taylor series we have (1, 4), (3, 2) , (2, 3) and (4, 1) Padé polynomials.
FIG. 2:
The Padé approximates in the triangle give conclusive experimental results, while outside they seem to be un-predictive.
All those choices confirm the goodness of the Padé approach but leaves unsolved the issue of degeneracy 41 between (n, m). An empirical way is to match a theoretical model with Padé polynomials and to check which ones are really favoured. For example, the Padé polynomials P 22 and P 32 approximate the exact ΛCDM luminosity distance fairly well in the whole interval of redshift z. Moreover, it seems that in order to reproduce the late-time cosmology, the polynomials P 21 , P 22 and P 32 best approximate the cosmic shape. This continues being valid in the case of the ωCDM paradigm, which shows analogous results.
As a plausible theoretical scheme to choose the most viable Padé orders, one may keep in mind [66, 67] :
• the Padé function should smoothly evolve in all redshift ranges chosen for the specific cosmographic analysis 42 ;
• any Padé approximation of the luminosity distance d L must be positive definite 43 ;
• the degree of the numerator and that of the denominator should be close, albeit with the prescription n m;
• when using a particular data set or combined ones, the polynomials should be calibrated through viable cosmographic priors, which do not provide divergences.
The latter may induce bad convergence of Padé approximations due to spurious divergences which arise in the Padé d L due to the fact that they are fractional polynomials. In general, it is possible to overcome this issue simply building up appropriate Padé polynomials. We summarise some particular results on the Padé best choices in Fig. (2) .
THE OBSERVATIONAL ASPECT OF COSMOGRAPHY
Throughout this review, we have investigated the role of cosmography from a theoretical point of view, analysing the main aspects of it, with particular attention given to the advantages and disadvantages of the cosmographic method. Even though our work represents a theoretical approach to cosmography, we should provide some thoughts on how to perform a numerical cosmographic analysis and how to handle some of the most common cosmic data sets. Our procedures should provide the best fit parameters with viable error estimations and then provide a way to evaluate how good the cosmographic fit is itself. Given the set of data points D i and our cosmographic model, we define the χ function as follows [68] :
where w i are suitably defined weights and F i ≡ D i − y(x i | θ). If cosmic data are correlated then we formulate:
in which C ij is the covariance matrix. The best fit is the one which minimises the χ 2 . The quality of our data may be characterised by the quantity C −1 ij . If the covariance matrix gives a very small probability, at the minimum of χ, one may either have that the model does not work properly or the error distribution is non-Gaussian. A trick to check how well the cosmographic approach works is given by evaluating the pseudo-chi square, which is represented by the ratio of the standard chi square and the number of data points. This procedure can be adopted either for Gaussian or non-Gaussian distributions. The confidence limits are the regions in which the best fit parameters are confined, which may be represented by a compact region around the best set of coefficients. Assuming boundaries built up through probability distributions, it is even possible to get ellipsoidal areas. Around the best fit those ellipses provide regions in which the chi square increases. Departures around the best chi square are imposed as 68.3%, 95.4% and 99.5% confidence levels, corresponding to 1, 2 and 3-σ respectively.
The most common data sets
In the context of cosmography the surveys of most interest are type Ia supernova observations. Over the years this data have been improved significantly and is used in many investigations. It is believed that these objects can be treated as standard candles, allowing one to get luminosity curves correlated with the distances of each supernova. One of the most important and recent supernova compilation is the union 2.1 catalogue [69] , which represents a well established extension of union and union 2 data sets [70, 71] . Union 2.1 provides the great advantage to be systematics-free and so one would expect a net improvements of numerics through its use. Errors on the redshift are assumed to be negligibly small and so only the supernova magnitudes influence the cosmographic analysis itself. In this case, the chi square function is:
with C assumed here to be the covariance matrix and the i-th component of the vector x:
Another important data set stems from baryonic acoustic oscillations. Unfortunately, this measurement, albeit highly used in cosmology, is not perfectly model independent. In fact, it is weakly dependent on the ΛCDM model [72] , since acoustic scales are functions of the drag time redshift, which may be obtained from a first order perturbation theory, once the minimal model is assumed. However, baryonic acoustic oscillations considered from [73] 
Another data set which makes use of 26 independent Hubble data points from [74] [75] [76] [77] [78] [79] [80] , and are the differential age measurements. Here, massive early type galaxies are taken as cosmic chronometers [81] . The strategy is to notice that one can evaluate dt/dz which is related to the Hubble rate via the formula:
The χ-squared function in this case is given by:
The last survey of data that we consider here are the amplitudes of the acoustic peaks in the cosmic microwave background (CMB) angular power spectrum. These mostly depend on the peak locations and on the matter density. The common use of the shift parameter, given by [82] :
with Ω b and Ω DM respectively, baryonic and dark matter densities allows one to evaluate numerical outcomes making use of such a measurement. Here, z ls is the redshift at the last scattering surface. For unified cosmological models the sum of baryons and cold dark matter reduces to the baryon density only, i.e., Ω b , due to fact that the dark matter contributions naturally emerge as a consequence of dark energy. The fluid that permits the universe to accelerate at late times is able, in fact, to contribute to the total matter density, at early times. In other words, such a fluid behaves as a cosmological constant at present time and as a pressureless matter term at early times. In the case of unified models, we replace R CMB through the ratio 2l 1 /l ′ 1 , where l 1 is a particular position of the first peak on the CMB, while l ′ 1 is the first peak in a Einstein-de Sitter universe. In this case the chi square is:
To conclude, due to the fact that the different data sets are uncorrelated, the total χ squares are given by the sum of all the involved chi squares.
CONCLUDING REMARKS AND PERSPECTIVES
In this review, we have highlighted the main aspects of the cosmographic method, giving particular emphasis on its application to reconstructing the form of dark energy in a model independent way. In doing so, we proposed a set of basic strategies in order to build up the cosmographic method, introducing the concept of cosmological Taylor expansions and defining the cosmographic series. We then related the series of cosmographic coefficients to the derivatives of the Hubble rate and proposed how one might expand cosmological distances. Furthermore, we presented cosmographic definitions of the adiabatic sound speed, the energy conditions, specific heats and the cosmological equation of state. These relations show how cosmography is able to reproduce constraints on the dark energy evolution, putting bounds on the thermodynamics of the fluid responsible for the cosmic speed up. At the level of the background cosmology, cosmography demonstrates that both the ΛCDM model and the dark fluid paradigm are favoured to describe the dynamics of the universe, simply because they reproduce more refined limits on the expansion history of the universe. The degeneracy between the two models is not completely removed through the cosmographic approach, although there are indications that an evolving dark energy contribution is currently favoured by present day cosmographic bounds.
We introduced the direct and inverse cosmographic procedures which aim to describe cosmography of generic cosmological models in two distinct cases. In the first, the direct approach, cosmographic bounds are inferred from rewriting the priors on the free parameters of a given model through the cosmographic series. In the second case, one obtains conditions on the free parameters, rewriting the luminosity distances in terms of them and then obtaining limits by means of cosmic data.
We then expressed three cosmological models of particular interest, i.e., the ΛCDM, ωCDM and the CPL approach, in terms of the cosmographic series and showed how to match cosmography to them. All these properties and advantages of cosmography reproduce viable constraints but are unable to depict the whole expansion history of the universe, since several issues of using this approach plague the expected numerical outcomes. These problems have been interpreted in view of our considerations. In particular, we investigated the problem of degeneracy among cosmographic coefficients and how to alleviate it by using cosmological priors. We also focused on the degeneracy among coefficients and spatial curvature. In this case, we stressed that cosmography is essentially model independent only if Ω k is somehow fixed or constrained. In doing so, we suggested strategies to either bound it from geometrical observations or from alternative techniques. Finally, we discussed the severe problem of handling cosmography with truncated series in general relativity or extended theories of gravity. In these cases, truncation at a given order may produce systematics leading to misleading results. Moreover, the dependence on the Friedmann equations limits the use of cosmography when investigating theories which depart from general relativity. We also demonstrated that the use of auxiliary variables are a viable possibility in order to elevate these problems, although the best way of building up the most suitable z-parametrisation is not precisely known. Consequently, in order to go beyond this problem we described the use of Padé approximations in the field of cosmology. We showed that its use may overcome the problems due to truncated series, since the Padé polynomials match data at higher redshift intervals, without the need of rewriting the redshift variables using alternative parameterisations. In doing so, we faced the more general problem of convergence which affects cosmography and does not permit one to use it as the definitive approach to describe the expansion history of the universe with high precision. We also discussed a number of experimental problems, describing briefly how one uses the Bayesian approach and Monte Carlo techniques to build up cosmographic observations. Finally we defined the most common chi squared definitions, describing the common data sets used in the literature. We believe that future work needs to focus on applications of cosmography to higher redshift domains. This can be done through the use of rational reconstructions of the cosmographic series and/or by means of further data. Moreover, possible future applications of cosmography in the limit of perturbation theory are essential to connect both late and early times of the universe. Summing up, the role of cosmography may open new insights on the evolution of the universe. The present state of the art focuses on the late (low-redshift) universe only, but upcoming work will focus on obtaining a high-redshift cosmography with increasing accuracy.
